1 Introduction Let G be a finite non-abelian p-group and let M 1 , M 2 , N 1 , N 2 be normal subgroups of G. For normal subgroups X and Y of G, let Aut X (G) and Aut Y (G) denote the subgroups of Aut(G) centralizing G/X and Y respectively. We denote the intersection Aut N2 (G). We prove a short technical lemma, Lemma 2.2, and as a consequence, obtain very short and easy proofs of these main results of Azhdari and Malayeri. Subsequently, we also obtain some new results of this type and alternate proofs of main results of Attar [11, Theorem A], Jafari [7, Theorem] and Rai [8, Theorem B(1) ].
Notations are mostly standard. By Hom(G, A) we denote the group of all homomorphisms of G into an abelian group A and by C n we denote the cyclic group of order n. The rank, exponent and nilpotence class of G are respectively denoted as d(G), exp(G) and cl(G). A non-abelian group G that has no non-trivial abelian direct factor is said to be purely non-abelian. An automorphism α of G is called a central automorphism if it centralizes G/Z(G), or equivalently, x −1 α(x) ∈ Z(G) for all x ∈ G. By Aut c (G) we denote the group of all central automorphisms of G, and by C * we denote the group of all those central automorphisms of G which fix Z(G) element-wise. An automorphism α of G is called an IA-automorphism if it centralizes the abelianized group G/G ′ . The group of all IA-automorphisms is denoted as IA(G) and the group of all those IA-automorphisms which fix Z(G) element-wise is denoted as IA(G)
* . 
Let X and Y be two finite abelian p-groups and let
. . × C p y k be the cyclic decompositions of X and Y , where x i ≥ x i+1 and y i ≥ y i+1 are positive integers. If either X is a subgroup or is a quotient group of Y , then h ≤ k and x i ≤ y i for 1 ≤ i ≤ h. Consider the situation when d(X) = d(Y ) and X is a proper subgroup or a proper quotient group of Y . In these circumstances, h = k and there certainly exists an r, 1 ≤ r ≤ h, such that x r < y r and x j = y j for r + 1 ≤ j ≤ h. For this unique fixed r, let var(X, Y ) = p xr . In other words, var(X, Y ) denotes the order of the last cyclic factor of X whose order is less than that of corresponding cyclic factor of Y . 
Proof. We prove only (i) as the proof is similar for (ii). Let
be the cyclic decompositions of A, B and C, where α i ≥ α i+1 , β i ≥ β i+1 , and γ i ≥ γ i+1 are positive integers. First suppose that Hom(A, B) = Hom(A, C) and
Since m ≤ n and
Conversely, if B = C, then result holds trivially. We therefore suppose that
Thus 
Proof. It follows from Lemma 2.1 that for i = 1 and 2,
First suppose that Aut
and therefore either
Then proof of (i) follows from Lemma 2.2(ii) by taking
Then it follows from (1) that
The proof of (ii) now follows from Lemma 2.2(i) by taking
Conversely, first assume that condition (ii) holds. Then, taking Some particular cases of this corollary give the following results of Rai [8] , Attar [11] and Jafari [7] . 
Proof. Observe that Aut
Proof. The proof follows by taking M = N = Z(G) in Corollary 2.5.
We next obtain some new results which are immediate consequences of Lemma 2.2. 
Proof. It follows from Lemma 2.1 that
Corollary 2.9. Let G be a finite non-abelian p-group. Then IA(G)
Proof. Observe that if IA(G) * = C * , then nilpotence class of G is 2 and hence IA(G) 
Proof. That the conditions are sufficient follows from Corollaries 2.8 and 2.9. Conversely suppose that IA(G) = C * . Then nilpotence class of G is 2 and IA(G) = IA(G) * = C * . It follows from Corollaries 2.8 and 2.9 that either
. Thus exp(G ′ ) = var(G/Z(G), G/G ′ ) = exp(G/Z(G)) = var(G ′ , Z(G)) and hence the result.
As another application of Lemma 2.2, we next find necessary and sufficient conditions on a finite non-abelian p-group G such that IA(G) = Aut c (G). We start with the following lemma. Proof. On the contrary, suppose that G = H × K, where H is a non-trivial abelian and K is a purely non-abelian subgroup of G. Then Z(G) = H × Z(K) and
, because H is non-trivial. This is a contradiction and hence G is purely non-abelian. 
